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1. Introduction 

The purpose of this paper is to describe certain CR-covariant differential op- 
erators on a strictly pseudoconvex CR manifold M as residues of the scattering 
operator for the Laplacian on an ambient complex Kahler manifold X having M as 
a 'CR-infinity' We also characterize the CR Q-curvature in terms of the scatter- 
ing operator. Our results parallel earlier results of Graham and Zworski |14j . who 
showed that if X is an asymptotically hyperbolic manifold carrying a Poincare- 
Einstein metric, the Q-curvature and certain conformally covariant differential op- 
erators on the 'conformal infinity' M of X can be recovered from the scattering 
operator on X. The results in this paper were announced in [18] . 

To describe our results, we first recall some basic notions of CR geometry and re- 
cent results jS], [9] concerning CR-covariant differential operators and CR-analogues 
of Q-curvature. If M is a smooth, orientable manifold of real dimension (2n + 1), a 
CR-structure on M is a real hyperplane bundle H on TM together with a smooth 
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bundle map J : H — ► H with J 2 = — 1 that determines an almost complex struc- 
ture on H . We denote by T^o the eigenspace of J on H <£> C with eigenvalue +i; 
we will always assume that the CR-structure on M is integrable in the sense that 
[Ti.OjTi^o] C Ti.o- We will assume that M is orientable, so that the line bundle 
H C T*M admits a nonvanishing global section. A pseudo-Hermitian structure 
on M is smooth, nonvanishing section 8 of H^-. The Levi form of 8 is the Her- 
mitian form Lg(v,w) = d9(v, Jw) on H. The CR structure on M is called strictly 
pseudoconvex if the Levi form is positive definite. Note that this condition is ac- 
tually independent of the choice of 8 compatible with a given orientation of M. 
We will always assume that M is strictly pseudoconvex in what follows. It fol- 
lows from strict pseudoconvexity that 8 is a contact form, and the form 8 A (d8) n 
is a volume form that defines a natural inner product on C°°(M) by integration. 
The pseudo-Hermitian structure on M also determines a connection on TM, the 
Tanaka- Webster connection "Vg; the basic data of pseudo-Hermitian geometry are 
the curvature and torsion of this connection (see [27], [29]). 

Given a fixed CR-structure (H, J) on M, any nonvanishing section 8 of H 
compatible with a given orientation takes the form e 2T 8 for a fixed section 8 of 
H and some function T e C°°(M). The corresponding Levi form is given by 
Lg = e 2T Lg. In this sense the CR-structure determines a conformal class of pseudo- 
Hermitian structures on M. 

For strictly pseudoconvex CR-manifolds, Fefferman and Hirachi [5] proved the 
existence of CR-covariant differential operators Pk of order 2k, k = 1, 2, . . . , n + 1, 
whose principal parts are Ag, where Ag is the sub-Laplacian on M with respect 
to the pseudo-Hermitian structure 8. They exploit Fefferman's construction (for- 
mulated intrinsically by Lee in [21 ) of a circle bundle C over M with a natural 
conformal structure and a mapping 8 i— ► gg from pseudo-Hermitian structures on 
M to Lorentz metrics on C that respects conformal classes. They then construct 
the conformally covariant differential operators found in [12] (referred to here as 
GJMS operators) on C, and show that these operators pull back to CR-covariant 
differential operators on M. The CR Q-curvature may be similarly defined as a 
pullback to M of Branson's Q-curvature on the circle bundle C. Here we will show 
that the operators Pk on M occur as residues for the scattering operator associated 
to a natural scattering problem with M as the boundary at infinity, and that the 
CR Q-curvature Q@ R can be computed from the scattering operator. 

To describe the scattering problem, we first discuss its geometric setting. Recall 
that if M is an integrable, strictly pseudoconvex CR-manifold of dimension (2n+l) 
with n > 2, there is a complex manifold X of complex dimension m = n + 1 having 
M as its boundary so that the CR-structure on M is induced from the complex 
structure on X (this result is false, in general, when n = 1; see [17]). Let ip be a 
defining function for M and denote by X the interior of X (we take tp < in X). 
The associated Kahler metric g on X is the Kahler metric with Kahler form 



in a neighborhood of M, extended smoothly to all of X. The metric has the form 



(1.1) 



<p - 



1 

-dd\og{-y) 



(1.2) 
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in a neighborhood of M, where rj and O have Taylor series to all orders in (p at 
if = 0. The boundary values Q\m = 0, and T]\h = h induce respectively a contact 
form on M and a Hermitian metric on H. The function r is a smooth function, 
the transverse curvature, which depends on the choice of tp (see [13]). Thus, the 
conformal class of a Hermitian metric h on H, a subbundle of TM , is a kind of 
'Dirichlet datum at infinity' for the metric g<p, that is (—ip)g<p\H = h. 

A motivating example for our work is the case of a strictly pseudoconvex domain 
A C C' m with Hermitian metric 

m d 2 ( 1 \ 



j,k=l J k \ 

where ip is a defining function for the boundary of A" with y> < in the interior of 
A. In this example, observe that if 

e = l - {d v - dp) 

and t : M — ► X is the natural inclusion, then 9 — l*Q is a contact form on M that 
defines the CR-structure ff = ker(9. The form (i0 induces the Levi form on M and 
so defines a pseudo-Hcrmitian structure on M. Denote by J the almost complex 
structure on H; the two-form h = d6{ ■ , J ■ ) is a pseudo-Hermitian metric on M. 
It is not difficult to see that the conformal class of the pseudo-Hcrmitian structure 
on M, i.e., its CR-structure, is independent of the choice of defining function ip. 

It is natural to consider scattering theory for the Laplacian, A g , on (X,</), 
where A is a complex manifold with boundary M. As discussed in what follows, 
the metric g belongs to the class of O-metrics considered by Epstein, Melrose, and 
Mendoza [4]; see also the recent paper of Guillarmou and Sa Barreto [T5] where 
scattering theory for asymptotically complex hyperbolic manifolds (a class which 
includes those considered here) is analyzed in depth. Thus, the full power of the 
Epstein-Melrose-Mendoza analysis of the resolvent R(s) = (A g — s(m — s)) of 
A 9 is available to study scattering theory on (A, g). 

For / £ C°°(M), = to/2, and s ^ to/2, there is a unique solution u of the 
'Dirichlet problem' 

(1.3) (A s - s(m - s)) u = 

u={- v r- s F+{- v YG 
F\ M = /• 

where F,G E C°°(X). The uniqueness follows from the absence of L 2 solutions of 
the eigenvalue problem for 5R(s) = to/2; this may be proved, for example, using 
[28] (see the comments in [15 ). Here we will use the explicit formulas for the 
Kahler form and Laplacian obtained in [13j to obtain the asymptotic expansions of 
solutions to the generalized eigenvalue problem. 

Unicity for the 'Dirichlet problem' (|1.3p implies that the Poisson map 

(1.4) V(s) :C°°{M) ->C°°(A) 
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and the scattering operator 

S x (s) :C°°(M) ->C°°(A/) 
/ - G\m 

are well-defined. The operator Sx(s) depends a priori on the boundary defining 
function tp for M. If Tp = e v tp is another defining function for M and v\m = T, the 
corresponding scattering operator Sx(s) is given by 

5x(s) = e- sT Sx(s)e (s - m)T 

The operator Sx{s) admits a meromorphic continuation to the complex plane, pos- 
sibly with singularities at s = 0, —1, —2, • • • ; see [35] where the scattering operator 
is described and the problem of studying its poles and residues is posed, and see 
[T5] for a detailed analysis of the scattering operator. The scattering operator is 
self-adjoint for s real. We will show that, with a geometrically natural choice of 
the boundary defining function tp, the residues of certain poles of Sx{s) are CR- 
covariant differential operators. 

To describe the setting for this result, recall that for strictly pseudoconvex do- 
mains f2 in C m , Fefferman [6] proved the existence of a defining function ip for <90 
which is an approximate solution of the complex Monge- Ampere equation. 

The complex Monge- Ampere equation for a function tp S C°°(f2) is the equation 

J [tp] = 1 
<P\gn = 

where J is the complex Monge- Ampere operator 



J [tp] = det 



tp tp 3 
<Pk Vjk 

We say that tp £ C°°(0) is an approximate solution of the complex Monge- Ampere 
equation if 

J[tp] = l + 0(tp m+1 ) 



<P\an = 

The Kahler metric g associated to such an approximate solution tp is an approximate 
Kahler-Einstein metric on f2, i.e., g obeys 

(1.5) Ric(s) = -(m+ l)w + C%> m_1 ). 

where u> is the Kahler form associated to tp, and Ric is the Ricci form. 

Under certain conditions, Fefferman's result can be 'globalized' to the setting of 
complex manifolds X with strictly pseudoconvex boundary M, as we discuss below. 
It follows that X carries an approximate Kahler-Einstein metric g in the sense that 
(fT5) holds. 

We will call a smooth function tp defined in a neighborhood of M a globally de- 
fined approximate solution of the Monge- Ampere equation on X if for each p G M 
there is a neighborhood U of p in X and a holomorphic coordinate system in U 
for which tp is an approximate solution of the Monge- Ampere equation. As we will 
show, such a solution exists if and only if M admits a pseudo-Hermitian structure 9 
which is volume-normalized with respect to some locally defined, closed (n + 1, 0)- 
form in a neighborhood of any point p £ M (see section 12.4.21 where we defined 
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"volume-normalized" , and see Burns-Epstein [2j where a similar condition is used 
to construct a global solution of the Monge- Ampere equation when dimM = 3). 
If dimM > 5, we can give a more geometric formulation of this condition. Recall 
that a CR-manifold is pseudo-Einstein if there is a pseudo-Hermitian structure 9 
for which the Webster Ricci curvature is a multiple of the Levi form (see Lee [22] 
where this geometric notion is introduced and studied). In [22j . Lee proved that 
if dimM > 5, then M admits a pseudo-Einstein, pseudo-Hermitian structure 9 if 
and only if 9 is volume- normalized with respect to a closed (n + l,0)-form in a 
neighborhood of any point p G M. If dimM = 3, the pseudo-Einstein condition is 
vacuous and must be replaced by a more stringent condition; see section 12.4.21 in 
what follows. If X is a pseudoconvex domain in C m , this condition is trivially sat- 
isfied since the pseudo-Hermitian structure induced by the Fefferman approximate 
solution is volume-normalized with respect to the restriction of £ = dz 1 A • • • A dz m 
to M. 

Theorem 1.1. Let X be a complex manifold of complex dimension m = n+ 1 with 
strictly pseudoconvex boundary M . Let g be the Kdhler metric on X associated to 
the Kdhler form and let Sx{s) be the scattering operator for A v . Finally, 

suppose that A v has no L? -eigenvalues. Then Sx{s) has simple poles at the points 
s = m/2 + k/2, k e N, and 

(1.6) Res S x {s)=c k P k , 

s=m/2+k/2 

where the P k are differential operators of order 2k, and 

h 7^ (-i) fc 
{ ' k 2 k k\(k-iy.' 

If g is an approximate Kdhler- Einstein metric given by a globally defined approx- 
imate solution of the Monge- Ampere equation, then for 1 < k < m, the operators 
P k are CR-covariant differential operators. 

Remark 1.2. It is not difficult to show that, for generic compactly supported per- 
turbations of the metric, L 2 -eigenvalues are absent. Our analysis applies if only the 
metric g has the form il.ty) in a neighborhood of M . 



Remark 1.3. We view the operators P k as operators on C°°(M); if one instead 
views these operators as acting on appropriate density bundles over M they are 
actually invariant operators. Cover and Graham [9] showed that the CR-covariant 
differential operators P k are logarithmic obstructions to the solution of the Dirichlet 
problem il.3\) when X is a pseudoconvex domain in C m with a metric of Bergman 
type, but did not identify them as residues of the scattering operator. 

It follows from the self-adjointness (s real) and conformal covariance of Sx(s) 
that the operators P k are self-adjoint and conformally covariant. As in [H], the 
analysis centers on the Poisson map T'(s) defined in (|1.4p . As shown in 0], the 
Poisson map is analytic in s for Re(s) > m/2. Moreover, at the points s = m/2 + 
k/2, k — 1,2, ■ ■ ■ , the Poisson operator takes the form 

V(s)f = (-^jWa-fc/ap- + [(_^)W2+fc/2 \og(-<p)]G 
for functions F, G S C°°(X) with 

F\ M = f, G\ M - c k P k f. 
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Here Pk are differential operators determined by a formal power series expansion of 
the Laplacian (see Lemma l3.4p . and are the same operators that appear as residues 
of the scattering operator at points s = to/2 + fc/2. An important ingredient in the 
analysis is the asymptotic form of the Laplacian due to Lee and Melrose [23] and 
refined by Graham and Lee in [13] . 

If the defining function ip is an approximate solution of the complex Monge- 
Ampere equation, the differential operators 1 < k < to , can be identified with 
the GJMS operators owing to the characterization of V(s)f described above (see 
Proposition 5.4 in [SJ; the argument given there for pscudoconvex domains easily 
generalizes to the present setting). 

Explicit computation shows that, for an approximate Kahler-Einstein metric g, 
the first operator has the form 

P 1 =c l (A b + n(2(n + l))- 1 R), 

where A& is the sub-Laplacian on X and R is the Webster scalar curvature, i.e., Pi 
is the CR-Yamabe operator of Jerison and Lee [19] . 

The CR Q-curvature is a pseudo-Hermitian invariant realized as the pullback to 
M of the Q-curvature of the circle bundle C. 

Theorem 1.4. Suppose that X is a complex manifold with strictly pseudoconvex 
boundary M , and suppose that g is an approximate Kahler-Einstein metric given by 
a globally defined approximate solution of the Monge- Ampere equation. Let Sx(s) 
be the associated scattering operator. The formula 

c m Q c e R = lim S x {s)l 

s — *m 

holds, where c rn is given by {1. 7[ ). 

It follows from Theorem 11.11 and the conformal covariance of Sx (s) that if 9 = 
e 2T 6>, then 

e 2mT Q CR = Q CB, + PmT 

as was already shown in Fefferman-Hirachi [SJ. From this it follows that the in- 
tegral J M Qg "0 is a CR-invariant (recall that ip is the natural volume form on 
M defined by the contact form 9). We remark that the integral of Qg' R vanishes 
for any three-dimensional CR-manifold because the integrand is a total divergence 
(see [5], Proposition 3.2 and comments below), while under the condition of our 
Theorem 11.41 there is a pseudo-Hermitian structure for which Qf R = (see [5] , 
Proposition 3.1). In our case, if ip is a globally defined approximate solution of the 
Monge- Ampere equation, the induced contact form 9 = (i /2) (dtp — dip) on M is 
an 'invariant contact form' in the language of [8], and they show in Proposition 3.1 
that Qg = for an invariant contact form. Thus it is not clear at present under 
what circumstances this invariant is nontrivial for a general, strictly pseudoconvex 
manifold. 

Finally, we prove a CR-analogue of Graham and Zworski's result ([H], Theorem 
3) using scattering theory. 

Theorem 1.5. Suppose that X is a compact complex manifold with strictly pseu- 
doconvex boundary M, and g is an approximate- Kahler-Einstein metric given by a 
globally defined approximate solution of the Monge- Ampere equation. Then 

(1.8) vol 9 {-<p > e} = coe- 71 - 1 + c^ + ■■■ + c^ 1 + L log(-e) + V + o(l). 
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where 

L = c m [ Q$ r tP = 

J M 

We remark that Seshadri [26] already showed that L is, up to a constant, the 
integral of Qg . It is worth noting that our choice of defining function differs from 
Seshadri's. 

Acknowledgements. We are grateful to Charles Epstein, Robin Graham, John 
Lee, and Antonio Sa Barreto for helpful discussions and correspondence. We specif- 
ically acknowledge Robin Graham for a private lecture on the Monge- Ampere equa- 
tion on which section l2~4l is based. PAP thanks the National Center for Theoretical 
Science at the National Tsing Hua University, Hsinchu, Taiwan, for hospitality 
during part of the time that this work was done. SHT thanks the Department of 
Mathematics at the University of Kentucky for hospitality during part of the time 
that this work was done. 

2. Geometric Preliminaries 

2.1. CR Manifolds. Suppose that M is a smooth orientable manifold of real 
dimension 2n + l, and let CTM — T¥®iC be the complexified tangent bundle on 
M. A CR-structure on M is a complex n-dimensional subbundle TL of CTM with 
the property that TL n TL = {0}. If, also, [TL, TL] C TL, we say that the CR-structure 
is integrable. If we set H = HeTL, then the bundle H has real codimension one in 
TM. The map 

J : H -> H 

V + V»i(V-V) 

satisfies J 2 = —I and gives H a natural complex structure. 

Since M is orientable, there is a nonvanishing one-form 8 on M with ker6> = H. 
This form is unique up to multiplication by a positive, nonvanishing function / G 
C°°(M). A choice of such a one-form 9 is called a pseudo-Hermitian structure on 
M. The Levi form is given by 

(2.1) L g (V,W) = -id6(V,W). 

for V, W € TL (here d9 is extended to TL by complex linearity). Note that 

(2.2) L fe = fL e 

since 9 annihilates TL. If d9 is nondegenerate, then there is a unique real vector field 
T on M, the characteristic vector field T, with the properties that 9{T) = 1 and 
T j d9 = 0. If {IUq} is a local frame for TL (here a ranges from 1 to n), then the 
vector fields {W a , W^, T} form a local frame for CTM. If we choose (1, 0)-forms 9 a 
dual to the W a then {9 a , 0", 9} forms a dual coframe for CTM. We say that {9 a } 
forms an admissible coframe dual to {IU Q } if 9 a (T) — for all a. The integrability 
condition is equivalent to the condition that 

(2.3) dO = d9 a = mod {9, 9 a } 
The Levi form is then given by 

(2.4) L e = h a -p9 a A & 

for a Hermitian matrix-valued function h a -s. We will use h a ^ to raise and lower 
indices in this article. 
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We will say that a given CR-structure is strictly pseudoconvex if Lg is positive 
definite. Note that (up to sign) this condition is independent of the choice of 
pseudo-Hermitian structure 9. 

In what follows, we will always suppose that M is orientable and that M carries a 
strictly pseudoconvex, integrable CR-structure. In this case, the pseudo-Hermitian 
geometry of M can be understood in terms of the Tanaka- Webster connection on 
M (see Tanaka [27] and Webster [29]). With respect to the frame discussed above, 
the Tanaka- Webster connection is given by 

(2.5) VW a = uj£ <g> Wp, VT = 

for connection one-forms tu£ obeying the structure equations 

d9 a = 9 fj A uj? + 9 A r a 

d6 = ih a p9 a A $ 

where the torsion one-forms are given by 

r° = AyF, 

with A a p — Aj3 a . The connection obeys the compatibility condition 

dh a? = "afi + 

with the Levi form described in (12.11) and (12.41). 



2.2. Complex Manifolds with CR Boundary. Now suppose that X is a com- 
pact complex manifold of dimension m = n + 1 with boundary dX — M . We will 
denote by X the interior of X. The manifold M inherits a natural CR-structure 
from the complex structure of the ambient manifold. We will suppose that that M 
is strictly pseudoconvex; such a structure, induced by the complex structure of the 
ambient manifold, is always integrable. 

We will suppose that ip £ C°°(X) is a defining function for M, i.e., ip < in X, 
ip = on M, and dip(p) ^ for all p G M. We will further suppose that <p has no 
critical points in a collar neighborhood of M so that the level sets M e = Lp~ 1 (—e) 
are smooth manifolds for all e sufficiently small. 

Associated to the defining function ip is the Kahler form 

(2.6) ^ = 4^1o g( -^) = l(^ + ^ 

2 2 \ — ip ip^ 

We will study scattering on X with the metric induced by the Kahler form (|2.6p . 
Since we can cover a neighborhood of M in X by coordinate charts, it suffices to 
consider the situation where U is an open subset of C m and ip : U — > K is a smooth 
function with no critical points in U, the set {ip < 0} is biholomorphically equivalent 
to a boundary neighborhood in X, and {ip — 0} is diffeomorphic to the correspond- 
ing boundary neighborhood in M. We will now describe the asymptotic geometry 
near M, recalling the ambient metric of [13 and computing the asymptotic form 
of the metric and volume form. 

The manifolds M 6 inherit a natural CR-structure from the ambient manifold X 
with 

U e = CTM e n T lfl U. 
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Given a defining function <p, we define a one-form 

&= l -{8-d) v 

and let 

Oe = 1*9 

where L e : M £ — > C/ is the natural embedding. The contact form 9 £ gives M £ a 
pseudo-Hermitian structure. We will denote by TL the subbundle of T 1,0 U whose 
fibre over M £ is TL e . Note that 

dO = iddip. 
and the Levi form on M e is given by 

L 8e = -id9 e 

We will assume that each M e is strictly pseudoconvex, i.e., Lg c is positive defi- 
nite for all sufficiently small e > 0. To simplify notation, we will write 9 for 9 e , 
suppressing the e, as the meaning will be clear from the context. 

2.2.1. Ambient Connection. In order to describe the asymptotic geometry of X, 
we recall the ambient connection defined by Graham and Lee [13] that extends 
the Tanaka- Webster connection on each M e to <CTU. First we recall the following 
lemma from |23j . 

Lemma 2.1. There exists a unique (1, 0) -vector field £ on U so that: 

(2.7) fy>(0 = 1 
and 

(2.8) £ j <9cV = r3^ 
/or some r £ C°°(Z7). 

The smooth function r in (|2.8|) is called the transverse curvature. 
We decompose £ into real and imaginary parts, 

(2.9) £ = ~(W-iT), 

where iV and T are real vector fields on J7. It easily follows from (|2.9[) that 

oV(A0 = 2, 0(JV) = 

and 

6(T) = 1, T _i d9 = 0. 

Thus T is the characteristic vector field for each M e , and AT is normal to each M £ . 

Let {Wq,} be a frame for TL. It follows from Lemma [2~fl that {Wq,, T} forms 
a local frame for CTM e , while { W a , W„, C, ?} forms a local frame for CTJ7. If {9 a } 
is a dual coframe for {Wq.}, then {9 a ,9 a : 9} is a dual coframe for CTM e , while 
is a dual coframe for CTU. The Levi form on each TL e is given by 

for a Hermitian matrix- valued function h -s. We will use h -s to raise and lower 

ap ap 

indices. We will set 

W m =^ W m = t ,9 m = dip, 9™ = d V . 
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In what follows, repeated Greek indices are summed from 1 ton and repeated Latin 
indices are summed from 1 to m = n + 1 . 

The following important lemma decomposes the form d<d into 'tangential' and 
'transverse' components. 

Lemma 2.2. The formula 

ddip = h aJ 8 a A8^ + rdipAdp 

holds. 

Graham and Lee [13) proved: 

Proposition 2.3. There exists a unique linear connection V on U so that 

(a) : For any vector fields X and Y onU tangent to some M e , \7xY = Vjf^ 
where V e is the pseudo-Hermitian connection on M e . 

(b) : V preserves H, N, T, and Lg; that is, V x'H C H for any X 6 CTU , 
and VT = VN = VL e = 0. 

(c) : If {W a } is a frame for Ti, and {9 a , dip} is the dual (1, 0)-coframe on U , 
then 

(2.10) d6 a = 9 A ipf - idip A r" + i(W a r)dip A 8 + -r dip A 6 a 
The connection V is called the ambient connection. 

2.2.2. Kdhler Metric. Using Lemma [2~2l we can also compute the Kahler form 

(2.11) ^4(^ aA ^ + ^^ A ^ 
The induced Hermitian metric is 

(2.12) g v = —h - s 6 a ®6~P +^—^dy®dy. 

—ip H ip z 

It is easily computed that 

p z 

so that the outward unit normal field associated to the surfaces M e is 

(2.13) v= /T ^ N 

2vl - rip 

We note for later use that the induced volume form u>™ is given by 

(2.14) < = (j) ( det (hj) 8^ A ^ A • • • A 9™ A 8^j 
while 

977 1 — yp 

(2.15) ^J<L = r -(dd e ) n Ae £ 

y ' V \M E 2 n ~ £ m 

We will set 

(2.16) V , = _^_ W « Ae 

We also note for later use that if u £ C°°(X) and 

(2.17) du = u Q 6> Q + 1ta#" + U m C?<£ + Umdip 
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then 

__ 2 

(2.18) \ du \l v = ~<ph al3 u a u-p+ ^ - u m u m 

2.3. The Laplacian on X. The Laplacian on the Kahler manifold (X,uj v ) is the 
operatoiQ 

(2.19) A v u = Tr (iddu) 

= s 3 \n 

for u G C°°(X), where we now write A v rather than A g to emphasize the depen- 
dence of A on the boundary defining function ip. 

Graham and Lee [13] computed the Laplacian in a collar neighborhood of M, 
separating 'normal' and 'tangential' parts. To state their results, recall that the 
sub-Laplacian is defined on each M E by 

(2.20) A b u=(u a a + u-P) 

where covariant derivatives are taken with respect to the Tanaka- Webster connec- 
tion on M £ . 

Graham and Lee [13) proved: 

Theorem 2.4. The formula 



(2.21) A v = | 



r' ( ]\t2 i rpl 



N +T + 2rN + 2XA- 2A h + 2nN 



1 — rip 
holds, where 

X r = r a W a + r"W«. 

It will be useful to recast the above formula for A v u in terms of x = —(p. Note 
that 

d d 

(2.22) iV = 2— = -2 — 



so that 



dip dx 



d\ 2 , d 



1 + rx J \ dx J dx 
1 / x 2 

' {T' z u - 2ru x + 2X r u) 



4 \l+rx 
+ ^x{-2A b u) 

We think of A v as a variable-coefficient differential operator with respect to vector 
fields (xd x ) and vector fields tangent to the boundary M. In a neighborhood of M 
we have 



(2.23) A V ~^VL 



k 

k>0 



for differential operators Lk, where the indicial operator Lq is 



(2-24) Lo = -K^ -m X - dx 



d\ 2 d 



^Note that our definition differs from that of Graham and Lee by an overall factor of -1/4. 
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and the operator L\ is 
1 



(2.25) 
where 



Ll = 4 



-2A b u - 4r x- 4r 

ax 



dx 



dx 



r = r + 0(x). 
2.4. The Complex Monge- Ampere Equation. 

2.4.1. Local Theory. Let be a domain in C m with smooth boundary. The complex 
Monge- Ampere equation is the nonlinear equation 

J[u] = l 
u \on = 

for a function u £ C°°(f2), u > on f2, where J [u] is the Monge- Ampere operator: 

U U-; 



(2.26) 



J [it] = (-l) m det 



Ui u-- 



If u solves the complex Monge- Ampere equation then 



,,.,,1 



dz j (g> dz k 



is a Kahler-Einstein metric. 

Fefferman [6] showed that there is a smooth function ip £ C°°(f2) that satisfies 

JM = l + 0(^ +1 ) 



Vlen = 

and that ip is uniquely determined up to order m + 1. Cheng and Yau [3] showed 
the existence of an exact solution belonging to C°°(f2) n C m+3 / 2 ~ c (f2), while Lee 
and Melrose [23) showed that the exact solution has an asymptotic expansion with 
logarithmic terms beginning at order m + 2. 

We will show that Fefferman's local approximate solution of the Monge- Ampere 
equation [6] can be globalized to an approximate solution of the Mongc-Ampere 
equation near the boundary of a complex manifold X. We will see later that, 
to globalize Fefferman's construction, we need to impose a geometric condition 
on the CR-structure of M inherited from the complex structure of X. For the 
convenience of the reader, we review the properties of the operator J under a 
holomorphic coordinate change and the connection between solutions of the Monge- 
Ampere equation and Kahler-Einstein metrics. 

If / : O C C m — » C m is holomorphic, then /' denotes the matrix 

Lemma 2.5. Let f be a local biholomorphism. Then, for any local, smooth function 
u on VL, 

|det(/')r 2/(m+1) (t*o/)l = J[u]of. 



A proof was given by Fefferman in [5] . Here we give an alternative proof using 
the following identity. 
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Lemma 2.6. The formula 

(2.27) J [u] = u m+1 det 



log 



holds. 

Proof. Using row-column operations, one proves that 

U Ut 



(2.28) det 
On the other hand, the identity 



[ - 

u 



shows that 

(2.29) J[u] = (-l) m udet(u jX - 



jk 
UjU 

u 



1 



det I I log I i 



jk. 



Combining (|2~28|) and ([2~29| shows that <[2T27j) holds. □ 

We can use the formula (|2.27p to show that if u solves the Monge- Ampere equa- 
tion, then u is the Kahler potential of a Kahler-Einstein metric. Recall that if 

g = Vj-£ dzi Cg) dz k 

then the Ricci curvature is 



R ab = 



Now let 



where J [u] = 1 . Then 



log det (vff) 
1 



R 



ah 



V = log 



log det(v 



jk- 



ab 



log (V(™ +1 )) 



= -(m+l) yogl^- 

= -{m+l)g aJi 

which is the Einstein equation. 

Now we prove Lemma 12.51 First, we compute 



ab 



(2.30) [log(|det/T 2/(m+1) uof) 



jk m + 1 

+ [l0g(W)],fe 
= [log (U o /)]_.£ 



log(|det/f ) 



where the first right-hand term vanishes because |det/'| = (det /') (det /') and 
det /' is holomorphic. We note that the vanishing of the first term also shows 
that the Kahler metric with Kahler potential u (when u solves the Monge- Ampere 
equation) is invariant whether u is considered as a scalar function or a density. 
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To compute the nonzero right-hand term in (12.30|) we first note that if / is a 
holomorphic map then we have the identity 



(W)# = 

Thus, using (|2.27p . we compute 

uo } = 



(/')' 



|det(/')| 



-2/(r. 



x det 



det(/')r 

((/') 



' /) (7) 

(uofr 

log 



det 



°f) det (/') 



(u o f) m+1 det 
J M ° / 



log - 



as was to be proved. 

It is essential for our globalization argument that an approximate solution to the 
Monge- Ampere equation be determined uniquely up to a certain order. This proof 
was given by Fefferman [6] and we repeat it for the reader's convenience. 

Lemma 2.7. Any smooth, local, approximate solution ip £ C°°(f2) to the Monge- 
Ampere equation is uniquely determined up to order m + 1. 

Proof. Suppose that p is a smooth function on Q defined in a neighborhood of dtt 
with p = on 9f2 and p'(p) ^ for all p £ dil. We recall Fefferman's iterative 
construction of an approximate solution u to the Monge- Ampere equation, i.e., 
a function u £ C°° with u\dn = and J[u] = 1 + 0{u m+2 ). To obtain a first 
approximation, note that for p as above, and for any smooth function rj, we have 

(2.31) J[ VP }=r, m+1 J[p], 

when p = 0, so that the function 



V>« = p • J[p] 

satisfies J[i/; (1) ] = 1 on dSl, and J[^ (1) ] = l + 0(^). The fact that J[p] is nonzero 
on follows from pseudoconvexity that implies that p .-^ is positive definite on 
ker dp on dfl, and that p' ^ on 917. Note that if ip and ^ are two functions 
vanishing on 9f2, it follows that ip — rp\> for some smooth function r\. Thus, by 
(|2.3ip . J[ip] = rj m+1 J[tp]. From this computation it follows that any approximate 
solution u is uniquely determined up to first order. 

We now iterate this construction. Suppose that for an integer s > 2, we have 
an approximate solution to the Monge- Ampere equation to order s — 1. That is, 
we have a smooth function ip with ip = on dfl, ip'(p) ^ 0, for all p £ 90, and 
J[ip] = 1 + 0('i/' s ~ 1 )- We seek a function of the form v = ip + f]ip s , where r\ £ C°° 
is chosen so that J[v] = 1 + 0(ip s ). The iteration is based on formula 

J[iP + niP s ] = J[ip] + [s(m + 2 - s)] t?^ 1 + 0(ip s ), 

for smooth functions ip and 77, again with the property that ip vanishes on dQ. 
This formula is a straightforward computation using the formula (|2.26p . From this 
formula it follows that the desired function v is given by 

1 - J(iP) 



-l/(m+l) 



V = Ip + 



s(m + 2 — s) 
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The iteration clearly works up to s = m + 1 and produces an approximate solution 
with the desired properties. It also follows that any function u with u — u = 
0(ip m+2 ) satisfies J[u] = J[u] +0(ip m+2 ). Thus, in particular, any smooth function 
having the same (m+l)-jet on <9f2 as an approximate solution is also an approximate 
solution. 

On the other hand, it is clear that any two approximate solutions must have 
the same (m + l)-jet on dft. If ip and tp satisfy tp — ip = rjip a then J[ip] — J[ip] = 
s(m + 2-s) r r ip s - 1 +(D(ip s ). In particular, if s < m+2 and J[%p]-J[%f] = 0(tp m+2 ) 
then ip and ip are approximate solutions uniquely determined up to order m + 2. 

□ 



2.4.2. Global Theory. Now suppose X is a compact complex manifold of dimension 
rn = n + 1 with boundary M — dX. Note that M has real dimension 2ri + 1 and 
inherits an integrable CR-structure from X. As always, we assume that M with 
this CR-structure is strictly pseudoconvex. We first say what it means for a single 
smooth function tp defined in a neighborhood of M to be an approximate solution of 
the complex Monge- Ampere equation. We denote by C°°(X) the smooth functions 
on X. 

Definition 2.8. We will say that a function tp £ C°°(X) is a globally defined 
approximate solution of the complex Monge- Ampere equation near M — dX if for 
any p € M, there is a neighborhood V of p in X and holomorphic coordinates z on 
V so that tp is an approximate solution of the complex Monge- Ampere equation in 
the chosen coordinates. 

As we will see later, we will need such a globally defined approximate solution 
in order to identify the residues of the scattering operator on X with CR-covariant 
differential operators. 

If tp is a defining function for M with tp < in the interior of X, we associate to 
p a Kahler form 

(2.32) uj v = l -dd\og{-l I tp) 



2 



and a pseudo-Hermitian structure 



(2.33) = l -(d-d)tp 



Observe that two defining functions tp and p generate the same Kahler metric if 
and only if p — e F tp for a pluriharmonic function F, i.e. ddF = 0. It is known that 
a pluriharmonic function F is uniquely determined by its boundary values (see, 
for example, Bedford [1]). If 9 P and 6 V are the corresponding pseudo-Hermitian 
structures on M then 9 p = e^9 v , where / = F\ M . 

We give a necessary and sufficient condition on M for a globally defined approx- 
imate solution of the Monge- Ampere equation to exist. Recall that the canonical 
bundle of M is the bundle generated by forms / Q 1 A ■ ■ ■ A 9 n A 9 where / is smooth, 
9 is a contact form, and {# Q }™ =1 is an admissible co-frame. If M is the boundary 
of a strictly pseudoconvex domain in C m , the canonical bundle is generated by 
restrictions of forms / dz 1 A • ■ • A dz m to M. The sections of the canonical bundle 
are (n + 1, 0)-forms £ on M. 
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If 9 is a contact form, T is the characteristic vector field, and Q is any nonvan- 
ishing section of the canonical bundle, it is not difficult to see that 

9 A (T j C) A (T j C = A 9 A (d6) n 

for a smooth positive function A. We say that the contact form 9 is volume- 
normalized with respect to a nonvanishing section £ of the canonical bundle if 

9 A (d8) n = (if n\6 A (T j C) A (T j C) 
where T is the characteristic vector field. The following criterion will be useful. 



Lemma 2.9. The contact form given by i2.33\) is volume-normalized with respect 

M if and only if 

J[<p]=l + 0{<p) 



to the form £ = dz A • • • A dz m \ M if and only if 



in the coordinates (z\, ■ ■ ■ , z m ). 

For the proof see Farris Proposition 5.2. Using the lemma, we can prove: 

Proposition 2.10. Suppose that X is a compact complex manifold with boundary 
M = dX . There is a globally defined approximate solution if of the Monge- Ampere 
equation in a neighborhood of M if and only if M admits a pseudo-Hermitian 
structure 9 with the following property: In a neighborhood of any point p G M , 
there is a local, closed (n + 1,0) form £ such that 9 is volume-normalized with 
respect to £. 

Proof, (i) First, suppose that X admits a globally defined approximate solution ip 
of the Monge- Ampere equation. Let 9 be the associated contact form on X, i.e., 9 
is given by (|2.33|) . Pick p S M and let z = (zi, ■ ■ ■ , z m ) be holomorphic coordinates 
near p so chosen that ip is an approximate solution of the Monge- Ampere equation 
near p in these coordinates. Let 

C= dz 1 A---Adz m \ M . 

Then 9 is volume- normalized with respect to £ by Lemma 12.91 

(ii) Suppose that 9 is a given contact form on M with the property that, for each 
point p £ M, there is a neighborhood of p and a closed, locally defined section ( of 
the canonical bundle with respect to which 9 is volume-normalized. Write 

C = f dz 1 l\dz m \ M 

for holomorphic coordinates {zi,-- - , z m } defined in a neighborhood of p and a 
smooth function /. The condition g?£ = is equivalent to the condition 

i.e., / is a CR-holomorphic function. By the strict pseudoconvexity of M, there 
is a holomorphic extension F to a neighborhood V of p in X, i.e., there is an F 
defined near p with dF = and F\ MnV = / (see [20 ). We claim that we can find 
new holomorphic coordinates w = (w\, • • • , w m ) near p with the property that 

(2.34) d{w lr -, Wm ) = 

a (zi, ■ ■ ■ ,z m ) 

If so then 

C= dw 1 A---Adw m \ M 
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Constructing in V an approximate solution ipy of the Monge- Ampere equation in 
the ^-coordinates (as in Lemma 2.7, following Fefferman [6j), we conclude from 
Lemma [231 that the induced contact form 

1 MnV 

on M H V is volume-normalized with respect to C, and thus coincides with 9. 

We now claim that the local approximate solutions ipv can be glued together 
to form a globally defined approximate solution to the Monge- Ampere equation in 
the sense of Definition 12.81 We first note an important property of the transition 
map for two local coordinates. Let V\ and V2 be neighborhoods of M in X with 
nonempty intersection, let z and w be holomorphic coordinates on V\ and V2, 
and suppose that ipi and ^2 are approximate solutions of the complex Monge- 
Ampere equation in these respective coordinates. More precisely, u\ = ipi o z and 
U2 = tp2°w are approximate solutions to the Monge- Ampere equation on coordinate 
patches U\ and U% in C m , and there is a biholomorphic map g : C^riio -1 (ViflVa) — ► 
UiOz~ 1 (ViOV2). The function U2 = \g / \ 2 ^ m+1 ' > mog is also an approximate solution 
of the complex Monge- Ampere equation in U% n w^ 1 (Vi H V2) by Lemma l2~5l so by 
uniqueness we have 112 ~ e F u\ og, up to order m+1, where F = (2/(m+ 1)) log \g'\ 
is pluriharmonic. Moreover, since u\ and U2 both induce the contact form 6 it 
follows that 

^) 1i2 lcr 2 n«)- l (Afnv r inV2) = i(® ~ d ) Ul \ Au 2 nw- 1 (Mnv- L r\V 2 ) 

from which we deduce that F\{j, riw -i(Mnv 1 nv 2 ) = ^> an d hence F = by the 
uniqueness of pluriharmonic extensions. In particular, the map g is unimodular, 
\g'\ = 1. Thus U2 = u\ o g on U2 H fl V2) up to order m+1. 

We now fix a boundary defining function p. Suppose that {Ui} is a finite cover of 
a neighborhood of the boundary by holomorphic charts. Denote by Fi the map from 
C™ 1 into Ui and set = F^ 1 o F,-. As proved above, the cover and holomorphic 
coordinates (Ui,Fi) may be chosen so that the transition maps are unimodular, 
i.e., \FL\ — 1. Using Fefferman's construction, we can produce in each Ui an 
approximate solution Ui in the sense that 

J[u i ] = l + 0(p m+1 ) 

Now suppose that {\i} is a C°° partition of unity subordinate to the cover {Ui}. 
We claim that the smooth function u = x^u^ is an approximate solution of the 
Monge- Ampere equation in the sense of Definition 12.81 Choose Ui so that p € U. 
We may write u = YljiXj Fi)( z ) ( u j F-i)- Since uj o F, = (uj o Fj) o Fji we see 
that (iij o Fi) is also an approximate solution to the Monge- Ampere equation in the 
Fj-coordinates. Thus, there is a smooth function rjji so that 

{ Uj o F) (z) - (m o Fi) (2) = 77^(2) (p o F) m+2 (z) 

where 77^ is smooth. We conclude that 

u{z)-u l (z) = 0{{poF l ) m + 2 ). 

This shows that u is also an approximate solution of the Monge- Ampere equation 
in the F^-coordinates as claimed. 

To finish the proof it suffices to establish that such a holomorphic coordinate 
change z 1— > w, as in (|2.34|) . exists. We consider a coordinate transformation given 
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by 

(2.35) w(z) = (h(z),z 2 ,...,z m ), 

where h(z) is the unknown holomorphic function. Condition (12.34[) is equivalent to 
dh 

(2.36) — - (zx, . . . , Z m ) = F(zt,Z2,.-.,Zm). 

oz± 

Here, F is the holomorphic extension of the CR-function /. We solve this equation 
for h as follows. We set the convention that a boundary chart in C m is the inter- 
section of an open ball about with the (real) half-space lmz m > 0. We assume 
that the boundary point p corresponds to € dC m . The unknown function h is a 
complex- valued function defined in a neighborhood V of £ C m , is holomorphic in 
V n {Imz m > 0}, has CR boundary values, and satisfies h(0) = 0. Thus, the map 
w{z), defined in (|2.35p , preserves the boundary Im(z n ) = 0. 

Consequently the desired change of coordinates is obtained by solving the initial 
value problem 

dh 

(2.37) ~dz~^ ZU ' ' Zl "' = F ( Zl > Z 2, ' ' ' , Z rn ) 

h(0,z 2 , ■ ■ ■ ,z m ) = 0, 

by simple integration. □ 

We can also express the basic criterion in Proposition 12. 101 in geometric terms. 
Recall that the contact form 9 defines a pseudo-Hcrmitian, pseudo-Einstein struc- 
ture on M if the Webster Ricci tensor is a multiple of the Levi form. Lee [2"2"] 
proved: 

Theorem 2.11. Suppose that M is a CR-manifold of dimension > 5. A contact 
form 9 on M is pseudo-Einstein if and only if for eachp £ M there is a neighborhood 
of p in M and a locally defined closed section £ of the canonical bundle with respect 
to which 9 is volume-normalized. 



As an immediate consequence of Theorem 12. Ill we have: 



Theorem 2.12. Suppose that M is a CR-manifold of dimension > 5. There is a 
globally defined approximate solution ip of the complex Monge-Ampere equation in 
a neighborhood of M if and only if M carries a contact form 9 for which the corre- 
sponding pseudo-Hermitian structure is pseudo-Einstein. In this case, the contact 
form 9 is induced by the globally defined approximate solution to the Monge-Ampere 
equation if. 

Remark 2.13. If if is a global approximate solution to the Monge-Ampere equation, 
then so is e F ip where F is any pluriharmonic function. The effect of the factor F is 
simply to change the choice of local coordinates needed to obtain a local approximate 
solution of the Monge-Ampere equation in any chart, as the argument in the proof of 
Provosition \2. l0\ easily shows. As observed above, the Kahler form u> v is invariant 
under the change tp i— ► e F ip. 

3. Poisson Operator and Scattering Operator 

In this section we study the Dirichlet problem (|1.3p following a standard tech- 
nique in geometric scattering theory (see, for example, Melrose [24]; we follow 
closely the analysis of the Poisson operator and scattering operator on conformally 
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compact manifolds by Graham and Zworski in [2]). Note that Epstein, Melrose, 
and Mendoza [4] had previously studied the Poisson operator for a class of manifolds 
that includes compact complex manifolds with strictly pseudoconvex boundaries. 
More recently, Guillarmou and Sa Barreto [15) studied scattering theory and ra- 
diation fields for asymptotically complex hyperbolic manifolds, a class which also 
includes that studied here. 

We will set x = —ip and we will denote by C°°(X) the set of smooth functions on 
X having Taylor series to all orders at x = 0, and by C oc (X) the space of functions 
vanishing to all orders at x = 0. The space C°°(X) consists of smooth functions on 
X with no restriction on boundary behavior. We will denote by x s C°°(X) the set 
of functions in C°°(X) having the form x s F for F E C°°(X). 

Since 

ox 

it follows that 

x d 



(3.1) v= == 

VI + rx dx 

is the outward normal to the hypersurface x — e. Green's theorem implies that 



(3.2) / (uiA v u 2 — u 2 A v ui) L) m — I (u\vu2 — u 2 vu\) v j uj m 

J x>e J x—e 

We first note the 'boundary pairing formula' (recall the definition (|2. 16[) V 

Proposition 3.1. Suppose Re(s) = m/2, that U\ and u 2 belong to C°°(X) and 
there are functions Fi, Gi G C°°{X) so that Ui = x m ~ s Fi + x s Gi, i = 1,2. Finally, 
suppose that (A^ — s(m — s)) Ui = Ti G C° C {X), i = 1, 2. Then, the formula 



(3.3) / (uira-tfcri) u m = {2s -m) / {F 1 G 2 - F 2 G 1 ) i/> 

JX JM 

holds. 

Proof. A standard computation using (|3.2[) and (|3.ip together with (|2.15|) and 

srm . □ 

Remark 3.2. For Re(s) = m/2 complex conjugation reverses the roles of s and 
m — s. Thus we obtain the formula 

(3.4) f { Ul n ~ utn) to" 1 = (2.s - m) [ (F{F 2 - Gj%) ip 

JX JM 

For later use, we note an extension of the boundary pairing formula analogous 
to Proposition 3.3 of [T4] . 

Proposition 3.3. Suppose that Re(s) > m/2 and 2s — m </ N. Suppose that 
ui € C° C (X) takes the form 

(3.5) u i = x m - s F l + x s G i 
i3.5\) and (A v — s(m — s)) u% = 0, i = 1, 2. Then 

FP ( / [(Vui, Vu 2 ) - s(m- s)uim 2 ] w m ] = -m / G^ ip = -m [ F X G 2 4> 
where FP denotes the Hadamard finite part of the integral as e I 0. 
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Proof. Green's formula (|3.2j) for the operator A v — s(m — s) gives 

[(Vmi, V112) — s(m — s)u\U2\ uJ m = / Ui (1/U2) ^ j ui 1 



'x>e J x—s 

from which the claimed formulae follow. □ 



3.1. The Poisson Map. We now prove that the Dirichlet problem (|1.3|) has a 

unique solution if Re(s) > to/2, 2s — to ^ Z, and s(to — s) is not an eigenvalue 
of A^. Most of the formal arguments are almost identical to the case of even 
asymptotically hyperbolic manifolds considered in [14] since the form of the normal 
operator (|2.24p for the Laplacian is the same. 

Lemma 3.4. Suppose that u G C°°(X) satisfies u — x m ~ s F + x s G for functions F 
and G belonging to C°°(X), and that 

(3.6) (A v - s(m- s))ueC°°(X) 

for s € C with 2s — to ^ Z. Then the Taylor expansions of F and G at x = 

are formally determined respectively by F\ M and G\ M . In particular, we have 

F ~ Efe>o xk h and G ~ Efe>o xk 9k where 

(17) f 1 T(2s-TO-fc) 

(3-7) /fc -fc! r(2s-TO) Pk - J ° 

and 

1 r(m- 2s- k) 
k\ I (to — 2s) 

where Pk.s are differential operators of order 2k holomorphic in s with leading 
symbol 

Proof. Recall the asymptotic development (I2.23[) for the Laplacian which we use to 
derive a recurrence for the Taylor coefficients fk and gk of F and G. For 2s — to ^ Z, 
we may consider the terms involving F and G separately. We first consider F . 
Observe that 

(L - s(to - s)) (x m - s+k f) = fc(2s - to - k)x s+k f 

for / E C°°{M). Since L k = P(xd x , d y ) for a defining function x and boundary co- 
ordinates y where P is a polynomial of degree at most two with smooth coefficients, 
the operators 

Qk,e{ 

are differential operators of order at most two depending holomorphically on s. If 
u ~ Efclo x m ~ s+k fk, h follows from and $2^1 that for any k > 1, 

^ ^-- ^S-TO-fc) !^^ 

Similarly, if u ~ Efc>o xS+h 9k for 5^ g C°°(M), we have 

^ fc-i 

(3-9) 5, - - fc(m _ 2s _ fc) E QUm ~ s)g t 



t (s) = x- m+s - e L k _ e x m - s+e 



Here in the sense of the ordinary (rather than the Heisenberg) calculus on M. 
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The formulas for fk, Qk, and Pk, s follow easily from these formulas and the fact 
that 



Q 



k.k-i 



(s) = ~ (-2A b u - 4ro (m - s + 1) - 4r (m - s + l) 2 - (to - s + 1) ) 



□ 



Remark 3.5. We will write pk yS for the operator with fk — Pk,sfa, so that pk >s is 
meromorphic with poles at s — to/2 + k/2, . . . , to/2 + 1/2. We will denote 

Pi = Res pi tS 

s=m/2+l/2 

The operator pi is a differential operator of order at most 2£ with principal symbol 
For Re(s) > to/2, let 

R(s) = (A^-^to-s))^ 1 

be the L 2 (X) resolvent, let a p (A lp ) denote the set of L 2 -eigenvalues of A„, and let 

£ = {s : Re(s) > to/2, s(m - s) e a p (A v )} . 

We will now solve the Dirichlct problem (JT75J) for Re(s) > m/2 and s </ £. 

The following result is an easy consequence of the work of Epstein, Melrose, 
and Mendoza [1], noting that in our case the Kahler metric is an even metric, i.e., 
depends smoothly on the defining function ip (and not simply on its square root). 

Proposition 3.6. The set £ contains at most finitely many points, and the resol- 
vent operator R(s) is a meromorphic operator-valued function for Re(s) > m/2— 1/2 
having at most finitely many, finite-rank poles at s G E. Moreover, for s (jt T,,and 
Re(s) > to/2 - 1/2, R(s) : C°°(X) x s C°°(X). 



First, we prove uniqueness of solutions to the Dirichlet problem (|1.3| for s with 
Re(s) > to/2, s </ S, and 2s - m £ 1. 

Proposition 3.7. Suppose that Re(s) > to/2, s £ E, and 2s — m £ Z. Suppose 
that u S C°°(X) with (A v - s(m - s))u = 0, and that u = x m ~ s F + x s G with 
F\ M = 0. Then u = 0. 

Proof. First, suppose that Re(s) > to/2 and s </ E. It follows from Lemma [3.41 
that u = x s G for G € C°°{X). Since Re(s) > to/2 it is clear that J x \u\ 2 uj m < oo, 
hence u £ L 2 (X), hence u = 0. 

If Re(s) — m/2 but s ^ m/2, we may again assume that u = x s G for G G C°°(X). 
Next, we set ui = u 2 = u in (|3.4[) to conclude that J M \G\ V = so that G\ M = 0. 
Using Lemma [3.41 again we conclude that G £ C°°(X), hence u S C°°(X). As in 
1151 . we can now deduce from [25] that u = 0. □ 



To prove existence of a solution of the Dirichlet problem (|1.3[) . we follow the 
method of Graham and Zworski [14]. Given / £ C°°(M) we can construct a formal 
power series solution u — x n ~ s F modulo C°°(X), and then use the resolvent to 
correct this approximate solution to an exact solution. Using Borel's lemma we can 
sum the asymptotic series X)j>o ^3 x3 (where fj is computed via (|3.8p with /o = /) 
to a function F e C°°(X). As In [H], we obtain: 
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Lemma 3.8. There is an operator $(s) : C°°(M) -> x n ~ s C°°(X) with 

(A v - s(m - s)) o $ : C°°(M) -> C°°(X) 

so i/ieti r(m — 2s) _1 $(s) is holomorphic in s. 

Note that $(s) need not be linear as the construction of F depends on the choice 
of cutoff functions in the application of Borel's lemma. Now define an operator 

V(s) :C°°(M) -^C°°{X) 

for s with Re(s) > m/2, s ^ m/2 and s £ S by 

P(s) = [/ - R{s) {A v - s[m - s))} o $(s) 

Lemma 3.9. For any f S C°°(M), f/ie function u = T J (s)f solves the Dirichlet 
problem \1. 3\) . and f i— » V(s)f is a linear operator. 

Proof. The linearity of 'P(s) will follow from the unicity of the solution to (jl.3p . 
It is immediate from the definition that (A v — s(m — s)) u = 0, and from the 
mapping property in Proposition 13. 61 u = x m ~ s F + x s G with F = .x s ~ m $(s)/ and 
G = -x- s i?(s)[(A ¥ ,-s(m-s))$(s)/]. □ 

We now have: 

Theorem 3.10. For Re(s) > m/2, 2s — m ^ Z, and s ^ E, t/iere exists a unique 
solution of the Dirichlet problem il.3\) . 

3.2. The Scattering Operator. The scattering operator for A v is the linear map- 



where u = x m ~ s F + x s G solves (|1.3j) . It is well-defined by Theorem 13. 101 

The scattering operator has infinite-rank poles when Re(s) > m/2 and 2s — 
m G Z owing to the crossing of indicial roots for the normal operator Lq. At the 
exceptional points s = m/2 + k one expects solutions of the eigenvalue equation 
(A v — s(m — s)) u = having the form 



In order to study the singularities of the scattering operator at these points we 
modify the construction of the Poisson operator following the lines of [14] , section 
4. 

Let /i and fi belong to C°°(M) and let u\ and u-i solve the corresponding 
Dirichlet problems for some s with Re(s) > m/2 and 2s — to ^ N. Applying the 
generalized boundary pairing formula (see Proposition 13. 3p to u\ and TFJ for s real, 
we conclude that 



so Sx(s) is self-adjoint in the natural inner product on C°°(M). 

Now we study the scattering operator near the exceptional points. The argu- 
ments used here are exactly those of section 3 in |14) but we summarize them here 
for the reader's convenience. 

Recall the operators pk yS and pe defined in Remark I5~5l First, we prove: 



Ping 



S x (s) :C°°(A/) ^C°°(M) 
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Lemma 3.11. At the points s = to/2 + 1/2, t = 1, 2, • • • , s ^ E, the Poisson map 
takes the form 

V(m/2 + 1/2) f = x m ' 2 - l ' 2 F + (x n ' 2+i l 2 logs) G 

where 

F\m = f 

and 

G\ M = -2p e f 

where 

(3.10) p e = Res p Ls 

s=m/2+£/2 

is a differential operator of order 2£ with 

Proof. We first show that the Poisson map V{s) is also regular at s = to/2 + t/2, 
I = 1, 2, • • • so long as these points do not belong to S. As in [T3] we introduce the 
operator 

(3.11) = $(«) - $(to - s) o p A> 

where is a differential operator of order 21 defined in Remark 13.51 Each of 
the right-hand terms in (I3.11|) has at most a first-order pole at s = to/2 + i/2; 
the operators pj. s occurring in the definition of "3?(s) have at most first-order poles, 
while $(to — s) is analytic in s for Re(s) > to/2. For given / S C°°(M), we compute 
the residue of &e(s)f at s — to/2 + 1/2, First 



lim 

s^m/2+f,/2 



( s - ^ $ ( s )/ = x " l/2+e/2 Res + ° U m/2+e/2+1 ) 

\ 2 2 J s=m/2+i/2 \ J 

since the remaining terms in the asymptotic expansion for ^(s)/ are holomorphic 
near s = to/2 + 1/2. Second, 



lim 

s-»m/2+</2 



( s ~ ? - ^ *(™- s ) (PA-/) = * m/2+ * /2 ^s (p^./)+0 (>/W+i) 

y Z zy s—m/2+£/2 V / 



It follows that 



(3.12) Res = O f x ™/ 2 + f / 2 + lN ) 

V ' s=m/2+e/2 W,/ V / 



s=m/2+£/2 

so that, by Lemma FTM Res s=m / 2+ £/2 &e( s )f S C°°(X). 
Now let us define 

TMs) = [/ - i?(s) (A„ - s(m - a))] o <f>t(s) 

Clearly, 'Pi(s) is holomorphic in a deleted neighborhood of s = to/2 + £/2 (with at 
most a first-order pole at s = m/2 + £/2) and maps C°°{M) into C°°(X). If s £ E, 
it follows from the definition of Pe(s), equation (|3.12p . and Proposition 13.61 that 

Res V e (s)f e x s C°°(X), 

s=m/2+l/2 

hence the residue is an L 2 (X) function, and hence is zero. Thus Ve(s) is holomorphic 
at s = to/2 + 1/2. It follows from the uniqueness of solutions to the Dirichlet 
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problem that Vi(s) — V{s) wherever the former is defined. Exactly as in [14] we 
can compute V(m/2 + 1/2) f by using Ve(s), the formula 

lim — — = —2 log x 

and the fact that the pk, s have at most simple poles at s = m/2 + 1/2. This 
computation shows that Vim/2 + £/2) has the stated form. □ 

Next, we prove: 

Proposition 3.12. Suppose that Ax has no eigenvalues of the form s(m — s) with 
s = m/2 + £/2, i = 1, 2, • • • . Then, the scattering operator Sx{s) has a first-order 
pole at s = m/2 + 1/2, I = 1, 2, • • • with 

Res Sx{s) = Pi- 

s=m/2+l/2 

where pg is the differential operator given by 13.10\) . 

Proof. From the formula for the Ve(s), it is clear that for 2s — m ^ N, we can 
compute the scattering operator from 

S x (s)f = [-x~ s R(s) (A v - s(m - a)) *(*)/] | a=0 . 

Since 7 , (s) is holomorphic at s — n/2 + 1/2 (unless s E S), it follows that 



Res [S x (s)f] = Res [x- s $(s)f\ x _ ] 

s=m/2+l/2 s=m/2+e/2 1 H-UJ 



But 



Res (x- s 3>(s)f\) = Res ( [ar a $(m - s)p e J] I n ) 

a=m/2+e/2 y \»\Jx=Q s = m/2+ e/2 U V J 1^=0^ 

= Res [pe.sf] 

s=m/2+t/2 

and the claimed formula holds. □ 

To connect the scattering operator and the CR Q-curvature, we will also need 
the following result about the pole of the scattering operator at s — m; this result 
is a direct analogue of Proposition 3.7 in [T3] but we give the short proof for the 
reader's convenience. 

Proposition 3.13. Let 1 denote the constant function on M. Then, the formula 

Sx(m)l = - lim PmA 1 ) 

s — >m 

holds. 

Proof. As s — > m we have V(s)l — > 1. On the other hand, for s with \s — m\ < 1/2, 

rn 

V(s)i - Yl ^ ro " s+fe Pfc, s (i) + ^^x(s)l + 0(x m+1 / 2 ). 

fe=0 

This implies that 

lim [x 2m - s Pm . s (l) + x m Sx(s)l] =0 

s— vm 

from which the claimed formula follows. □ 
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Remark 3.14. Note that, although p m , s has a pole ats = m, the limit lim s ^ m p mjS (l) 
exists. This implies that P m , s l (see {3. 7]) ) has a first-order zero at s — m, i.e., 
Pm,s^ = (jn — s)Q rn ^ s for a scalar function Q m ,s- The CR Q-curvature is then 
given by Q m , m [8]. 

4. CR-Covariant Operators 

In this section we show that if ip is an approximate solution of the complex 
Monge-Ampere equation in the sense discussed above, then the residues of the 
scattering operator at s = to/2 + 1/2, I = 1, • • • , m are the CR-covariant differen- 
tial operators P% defined in [8]. In order to do this we first recall Fefferman and 
Graham's [7] set-up for studying conformal invariants of compact manifolds and 
the construction of the GJMS [12] operators. We then recall its application to CR- 
manifolds taking care that the arguments carry over from pseudoconvex domains 
in C™ 1 to the manifold setting studied here. 

4.1. The GJMS Construction. We begin by recalling Fefferman and Graham's 
construction of the ambient metric and ambient space for a conformal manifold and 
the GJMS conformally covariant operators on C obtained from this construction. 
Suppose that (C, [g]) is a conformal manifold of signature (p, q), i.e., a smooth man- 
ifold of dimension N = p + q together with a conformal class of pseudo-Riemannian 
metrics of signature (p, q) on C. Fix a conformal representative go- The metric 
bundle Q C S 2 T*C is a bundle on C with fibres 

Q P = |i 2 2o(p) : t > 0} 

We denote by ir : Q — > M the natural projection. The tautological metric G on Q 
is given by 

G(X,Y) = g(ir*X,ir*Y) 

for tangent vectors X and Y to (p,g) € Q. There is a natural M + -action S s on Q 
given by 5 s (p, g) = (p, s 2 g). 

The ambient space over C is the space Q = Q x (—1,1). Note that the map 
g i— > (g, 0) imbeds Q in Q. 

Fefferman and Graham proved the existence of a unique metric g of signature 
(p + 1, q + 1) on Q, the ambient metric on Q having the following three properties: 
{&)i*g = G 

(b) 6* s g = s 2 g 

(c) Ric(g) = along Q to infinite order if N is odd, and up to order N/2 if N is 
even. 

Here the uniqueness is meant in the sense of formal power series. 

To define the GJMS operators, we first define spaces of homogeneous functions 
on Q. For w £ R let £(w) denote the functions / on Q homogeneous of degree 
w with respect to S s and smooth away from 0. The GJMS operators Vh may be 
defined in two ways. 

(1) Given / S £(—N/2 + fc), extend / to a function / homogeneous of the same 
degree on Q, and set 

(4.1) V k f = A k f 

Q 

where A is the Laplacian for the ambient metric g on Q. 
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(2) Given / E £(—N/2 + k), Vk is the normalized obstruction to extending / to 
a smooth function / on Q having the same homogeneity and satisfying A fe / = 0. 

The existence of GJMS operators was proven in [12] for k = 1, 2, • • ■ if N is odd, 
and for k = 1, 2, • • • , N/2 if N is even. 

4.2. Application to CR-Manifolds. Following [9] we describe how the GJMS 
construction [12j can be used to prove the existence of CR-covariant differential 
operators. We begin with a CR-manifold M of dimension 2n + 1 and show how 
to construct a conformal manifold C of dimension 2n + 2 and a conformal class of 
metrics with signature (2n + 1,1) to which the GJMS construction may be applied. 
One then "pulls back" the GJMS operators to M. 

Recall that the canonical bundle K over M is the bundle of holomorphic (n+ 1)- 
forms generated by holomorphic forms of the type 9 A 9 1 A • • • A 9 n where 9 is a 
contact form and {9 a } is a basis for Tt of admissible (1, 0)-forms. We denote by K* 
the canonical bundle of M with the zero section removed. The circle bundle C over 
M is the bundle 

C = (K*) 1/(n+2) /R+. 

The circle bundle is an ^-bundle over M, having real dimension 2m if m = n + 1. 
If we fix a contact form 9 on M (and hence a pseudo-Hermitian structure on M), 
there is a corresponding section £ of K* chosen so that 9 is volume-normalized with 
respect to £• We denote by ijj the angle determined by £(p) in each fibre of C and 
define a fibre variable 

= -±_ 

7 n + 2 

Note that 7 is canonically determined by 9. Following Lee [3T], let us define a 
canonical one-form a on C by 

(4.2) (n + 2)a = (n + 2)d 7 + < - 2 * 1} flfl 

where wj 3 is the connection one-form and i? is the Webster scalar curvature of the 
pseudo-Hermitian structure 9. The mapping 9 >—> gg given by 

(4.3) g e = h aft 9 a ■ $ + 29 ■ a 

(where • denotes the symmetric product) defines a mapping of pseudo-Hermitian 
structures to Lorenz metrics which respects conformal classes. One can now obtain 
GJMS operators on C using the Fefferman-Graham construction. 

Remark 4.1. It is immediate from formulas {4->fy an d i-l-ty that 

ge{T,T) = — — — — ; — — R, 
(n + ±){n + 2) 

On the other hand, Farris [5] computed that, if 9 is the contact form induced by an 
approximate solution of the complex Monge- Ampere equation, then 

ge(T,T) = 2r 

where r is the transverse curvature. It follows that the transverse curvature is, in 
this case, an intrinsic pseudo-Hermitian invariant. 
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To compute their pullbacks to M, we first note that the metric bundle Q of 
(C, [<?]) is diffeomorphic to (K*) 1/{n+2) and Q ~ (iT*) 1 /^) x (-1,1). We define 
spaces of functions 

S(w,w') = {/ G c 00 (( J ^*) 1 /(™+ 2 ) : /(AC) = A tu A"''/(0 for A G C*} 
= {/ G £(u> + u/) : (e*)* /(£ = e^(— '>/(£)} 
We will primarily be concerned with functions in 

£(tu, «;) = {/ G £ (w + «;') : (e**)* /(£) = /(C)} 

which descend to smooth functions on M. 
For fc e Z, we define 

-Piu.iu' : m/) — * £(w — k,w' — k) 
f i * 2- fc P fc /, 

where 7^ is defined in (|4.ip . Then choosing u> = u/ = (fc — (n + 1)) /2, we get oper- 
ators Pfc defined on £{—N/2 + A:). which are invariant under the circle action (e 1 ^) 
and hence may be viewed as smooth sections of a density bundle over M. These 
operators are the CR-covariant differential operators which we will connect to 
poles of the scattering operator. 

If X admits a globally defined approximate solution tp of the Monge-Ampere 
equation, then for each p G M = dX there is a neighborhood U of p and holomor- 
phic coordinates {z\, ■ ■ ■ ,z m ) near p so that if is an approximate solution of the 
Monge-Ampere equation in U. Let 

6= l -(d-d)<p 

L M 

be the induced pseudo-Hermitian structure on M, and let £ = dz 1 A • • ■ A dz r 
Then 9 is volume-normalized with respect to £. 

Let us denote by zq the induced fibre coordinate of (X*) 1 ^™ +2 - ) an d l e t 

Q = \z \ 2 ip 

Then Q is a globally defined smooth function on Q (which is diffeomorphic to C x N 
for a collar neighborhood N of M in X) and the ambient metric on Q is the Kahler 
metric associated to the Kahler form 

w = iddQ 

where the corresponding metric ge on C is given by (|4.3|) . The key computation 
linking the GJMS operators to the Laplacian is given in Proposition 5.4 of [Hj and 
clearly generalizes to our situation. Thus we have: 

Proposition 4.2. If u is a smooth function on X then 

A (\z Q \ 2w <p w u) = (\z \ 2w p™) (A v +w(n + l + w)) u 

where g is the metric associated to the Kahler form 

i 

w<e = -dd log (-l/<p) 
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5. Proofs of the Main Theorems 
Finally, we prove Theorems 11.11 11.41 and 11.51 

Proof of Theorem \l.l\ The statement about the poles of Sx(s) and s = m/2 + k/2 
is proved in Proposition ^. 121 If g is a metric on X associated to the Kahler form u = 
iddlog(— 1/V) for a globally defined approximate solution of the Monge- Ampere 
equation, then the identification of the residues of Sx(s) with the CR-covariant 
differential operators of Fefferman and Hirachi is a consequence of Proposition 14.21 
and the second characterization of the GJMS operators given in section [4~T1 □ 



Proof of Theorem \1.4\ Owing to Proposition ^. 13) it suffices to identify liru s -> m Pm.sl 
with the CR Q-curvature. This is a consequence of Remark 13.141 □ 

Proof of Theorem \1.5l To prove Theorem 11.51 let 

u s =V(s)l 

for s real. Observe that u s is real and that u s — > 1 as s — > to uniformly on compact 
subsets of X. On the other hand, for s ^ to but s close to to, u s takes the form 

(5.1) u s ~ x m ~ s F{s) + x s G{s) 

where F(s) and G(s) belong to C°°{X), G{s) = Sx{s)l +0(x) uniformly in s near 
to, and 



(5.2) 



F(s) - 1 



E 

fc>l 



x k F k {s) 



where Fk E C°°(M) and Fk(s) — > as s — > m, save for the F m (s) term which obeys 
(5.3) F n (s) + S x (s)l -»• as s m 

(see the proof of Proposition 13 . 13[) . Note that 



F m (s)lp = / p m , s l if) 



M 



As in |14j we will prove Theorem 11.51 by computing 



FP 



\du s \ — s(m — s)u s u t 



(where FP denotes the Hadamard finite part) in two different ways. First, we use 
Proposition 13.31 with u\ = U2 = u s to conclude that 



(5.4) 



FP 



\du s \ — s(m — s)u s u s 



m / S x (s)l ip 



Secondly (and somewhat more painfully), we use the asymptotic expansion of u s 
and the asymptotic form of the volume form oj m directly to conclude that 



(5.5) 



FP 

eJ,0 



\du s \ — s(m — s)u s Us 



m 

— L 

2 



from which the desired equality will follow. The computations follow along the 
lines of [14j with some trivial differences in the computation for (|A.4j> owing to 
the different form of the Laplacian on a complex manifold. We give a summary in 
Appendix El □ 
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Appendix A. CR Q-curvature and Asymptotic Volume 



The purpose of this appendix is to summarize the calculations leading to the 
identity (|5.5[) used in the proof of Theorem 11.51 We will show that 



(Al) 

and 

(A.2) 



lim s(m — s) FP / 



Q c e R ip + mL/2 



lim FP 

s— >rn elO 



\du. 



uj = —mc„ 



M 



As in [14] , since u s 
respective limits 

(A.3) 

and 

(A.4) 



1 uniformly on compacts of X, it suffices to compute the 
s(m- s)FP f / 

d° \Je< 



lim 



u 2 uj" 1 



' e<x<x 



lim 

s — >m 



FP 

e|0 



\du s \ uj 1. 



e<x<x 



for any xq > 0. This reduction allows us to use boundary coordinates and introduce 
asymptotic expansions for u s and uj m . In the computations we make use of the 
simple formulas 



(A.5) 



FP 

elO 



m-2s+j ^£ _ X > 



m—2s+j 




x m — 2s + j 
(note that the finite part is independent of Xq if j = m) and 

rxo dx 



(A.6) 



FP 

elO 



log X 



Setting x = —<p, we also have from (I2.14p that 

r\ dx 



UJ... 



a {dey a i 



for rj e C co (X) with -0 = (r)\ M ) (d0) n A 6 (here T]\ M = m/2 n 1 in accordance with 
(|2TT5]) ), We will write 



7? ~ ^2 x k ri k 

k>0 



for r\ k £ C°°(M), so that 



L= / T] m (dO) n A> 



First, we consider (|A.3|) . In expanding the density 

u 2 s uj m — fi — A (d6) n A 6 
x 

asymptotically in x, we may neglect terms which are integrable, or terms which give 
rise to finite parts which are holomorphic at s = m. It suffices then to compute 
the coefficient of x 2m ~ 2s in the expansion for fx, since only the x 2m ~ 2s term will 



30 



PETER. D. HISLOP, PETER A. PERRY, AND SIU-HUNG TANG 



give rise to a finite part with pole at s = m. Note that the resulting residue is 
independent of xo (see (|A.5jl ). Since 

u 2 = x 2m-2s ^ + 2(F(fi) _y + (F(s) _ 1)2 j 

+ 2x 2m F(s)G(s)+x 2s G(s) 2 

it suffices to examine the terms x 2m ~ 2s r\ m and 2x 2m ~ 2s F m (s) in fx. The first of 
these contributes (m/2)L to (|A.3|) and the second contributes 

S x (m)l i> = -mc m / Qg R tp. 

M JM 

This leads to (|A.1[) as claimed 

Next, we consider (fO|) . From (f2TT8)) . 1(232]) . and the fact that 

| Um | 2 = i|(AT-£Z>| 2 

it follows that the density 

(A.7) \du s \ 2 u m = - J— l^u^^+^^K),,^)^™ 

1 + rx M 

for a tensor i/"' 3 which is smooth in a; down to x = 0. We will show that the 
first right-hand term in (|A.7|) leads to the right-hand side of (|A.2|) and the second 
right-hand term in (IA.7|) makes no contribution. 

From the asymptotic form of u s (see (|5.1|) . (|5.2[) . l5T3|) ) we have 

(A.8) xd x u s = x^K^s) + x s K 2 (s) 

where 

Ki(a) = (to- s)F(s) + xF x (s) 
and Ki(s) and ^(s) both approach zero as s — > to. For this reason, writing 

\xd x u s \ 2 u m = f 2 — A(dd) n A6 
x 

we need only consider the coefficient of x 2m ~ 2s in the expansion of fa since all other 
terms give rise to terms whose finite parts vanish as s — > to. On squaring (|A.8[) we 
have 

\xd x u s \ 2 = x^-^K^s) 2 + 2x m K 1 {s)K 2 {s) + x 2s K 2 {s) 2 . 

We can drop terms containing (to— s) 2 times a holomorphic function since these will 
vanish as s — > to, even if the power x 2s ~ 2m occurs in f 2 - Thus we need to compute 
the coefficient of x m in Ki(s) 2 to order (m — s). This is 2(2to — s)(m — s)F m (s) 
which contributes — (2to— s) J M F m (s) if) to the finite part of J x>e \xd x u s \ uj m and 
approaches —mc m J M Q^ R ip as s —> to. 
It remains to show that 



(A.9) lim FP / \xd x u s \ 2 u m )= 

s^m elO \J e 1 + TX J 

and 

(A.10) Jim FP (J^ ° xH a ~P(u s ) a (u s )p w m ^j = 

In the first case, we can use the analysis above to show that the coefficient oix 2m ~ 2s 
in the expansion for [(rx) /(l + rx)] \xd x u s \ 2 ui m vanishes as (s — to) 2 when s — > to, 
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implying (|A.9|) . Introducing boundary local coordinates yj, to prove that (lA.lOj) 
holds it suffices to show that 



where (j> is a smooth function supported in a local coordinate patch near the bound- 
ary M. This follows from the fact that, in local coordinates (x, y) on X in a 
neighborhood of M, 
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